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Recall connectivity structure in undirected

no
edges
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edges

connected components

Key fact Connectivity is equivalence relation

Not so for directed
directed path not symmetric



Fix Strongconnectivity

We say n if I
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Equivalence relation partitions G into SCI
Overall structureof 6
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Claim SCC G is a DAG

proof

is actually
one large SLC

How to compute SCCs

loea every DAG has a
S eoses

source sink

Component
Component



Algo Repeat following

1 Find vertex s in sink component

2 RunDFS G s only dislover sink

m
total runtime O n 0 mcs 0 men

How about 1 Claim Can implement in 0 min

Proofsketch In postordering of allvety
lastvertex is in source component

Wewant sink component

Fix postorder rev G reverseall edges

00Hittin
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Restof today SSSP
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EE source

Goal Compute all shortest path distances
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We'vealready seen two variants

1 DAGS Part II

2 Unweighted Lastclass

Today 3 Positiveedgeweights 4 anyweights



Fornow WE R positive

Two key ingredients in Dijkstra's algo

relaxing tense edges

priority queue

RelaxingtenseedgesTFzol.su

Overestimate keepfindingshorterpaths

Claim D v min DEV

1 a Winus

remains an overestimate

We call it relaxing theease un



Proof 1 a Wins d s a Want
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Intuition
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Prioritiquered Insert viral

values f
Delete x

ExtractMin
objects Y Z

Yougetto cut in line take out smallest val
object from set



We can implement with Head

All ops O logcal time h max size

Review Section 7.2 Part I
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Balance O log n depth
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Idea of Dijkstra graph search w priority queue

Welcomfriend yrr
xy.init is

n
i 19

E 1 1
is in

29 021

Step k start Stes k end



Assume all of U reachable from S

for free graph primitive BFS

frsitveG
s

H Heap Init

H Insert S O

For VEV v45 H Insert V G

d Array Init n

While 14170

kid VEH.Extractm.in O uluscnl

dCv v Val time

For Vin EE Olmlosal
reeks

H Delete u time

H Insert U min Uival v.ua tWcais

Return d



Runtime O Mtn log a

Funfacts Improvableusing Fibonaci heap

DecreaseVal in O 1 time

OCalosin m

SOTA O mloglog a in Word RAM

Thorup2000

Correctness Induction on steps

Step 1 correct positiveweights

Step k l Every unfrozen label is

assume1,2 k

V Val min d s.vi
idk WainVin EE

Janditesinalgo



let us extract V41

How can another path beat t.ua l

I
t
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We have positivity

pathlength d Siv We.in d ait

u Val t val

There's no better path

Be_FordPartV Secton3.2
Thegloves are off Arbitrary graph

arbitrary edgeweights



remember no heive

weightcycls.TT
shortestpath distance

notwell defined

Wait didn't we solveAPSC in OCA

Yes Theexact same also gets 0 mn SSSP

n version is secretly mm mn

S v l Shortest S u path ledges

Scv e min Scu e i

1h Scu e
1 way



Bellman ford Initialize D v is

tve V14.3
D s 0

Relax all edges n t times
w

ReturnD upperbound

onpathlength

nocyles

Cool consequence detectingnegative weightcycles

Algo Run Bellman Ford

Check if any tense edges

DC D a was

Yes iff negative weight cycle



No NWC no tense ease

Proof Bf computes D d

It tenseedge can decresse D
Earliershowed 1 stays overestimate

NWC tense else

Proof let NWCbe Viva Kavi

Suppose for any D

DC D vii Waiting tied
EO

Sum both sides

D Vi Σ D un Wainvi
if k

not NWCit

anast


